The photodiode sensitivity in the atomic force microscope is calibrated by relating the voltage noise to the thermal fluctuations of the cantilever angle. The method accounts for the ratio of the thermal fluctuations measured in the fundamental vibration mode to the total, and also for the tilt and extended tip of the cantilever. The method is noncontact and is suitable for soft or deformable surfaces where the constant compliance method cannot be used. For hard surfaces, the method can also be used to calibrate the cantilever spring constant.
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Force measurement with the atomic force microscope ͑AFM͒ requires the sensitivity of the photodiode, which relates its change in voltage to the change in position of the tip of the cantilever, i.e., 0 ϵ ⌬z/⌬V. ͑1͒
While alternatives exist, 1-4 the photodiode is usually calibrated from the force curve slope in the constant compliance region when in hard contact, i.e., ⌬z = ⌬z piezo . This cannot be used for a soft substrate or colloid probe, since the deformation means that ⌬z ⌬z piezo , even when the compliance becomes constant. 5, 6 The relationship between the thermal fluctuations of the cantilever and the voltage noise in the photodiode is commonly used to calibrate the spring constant of the cantilever. [7] [8] [9] [10] [11] [12] [13] [14] Recently, Higgins et al. 15 have proposed a noncontact method to measure the photodiode sensitivity from the thermal fluctuations of the position of the tip of the free cantilever, i.e.,
where k 0 is the free spring constant of the cantilever. Fitting the noise spectrum of the fundamental mode, ͑i.e., the first thermal peak͒, the total fluctuation of the photodiode voltage in the mode is given as 15
where f R is the resonance frequency ͑Hz͒, P dc is the dc power response ͑V −2 Hz −1 ͒, and Q is the quality factor. The subscript "1" emphasizes that this result applies only to a single mode. Combining these three equations, Higgins et al. 15 give explicitly for the sensitivity factor
͑4͒
The data of Higgins et al. 15 show that this equation overestimates the sensitivity by 15% −30%. Higgins et al. 15 suggest a "correction factor" that reduces the overestimate to about 8%, but, as is discussed below, there are doubts about the basis for this factor. This note gives a more accurate thermal calibration method using the fluctuations in cantilever angle rather than in cantilever position. For full accuracy, account is taken of the tilt angle of the cantilever and the consequent torque exerted by a force on the tip or probe, and also the effect of friction. 16, 17 First, a free horizontal cantilever is treated. The photodiode in the AFM does not measure the cantilever deflection per se, but rather measures the change in angle of the cantilever: 10, 14, 16, 17 ␥ ϵ ⌬/⌬V ͑rad/V͒. ͑5͒
For the horizontal cantilever, the position deflection of the tip ͑⌬x͒ is identical to the change in vertical displacement above the substrate ͑⌬z͒. Using vector notation, i.e., x គ ϵ͑⌬x , ⌬͒, and similarly for the conjugate force and torque exerted on the cantilever, i.e., F គ ϵ͑F , ͒, the elastic energy of a deflected cantilever is U͑⌬x , ⌬͒ = x គ T U = x គ / 2, where for a rectangular cantilever of free length L 0 and elasticity B, the elastic matrix is 18, 19 
͑6͒
The force and torque exerted on the cantilever that would cause this deflection is F គ = dU / dx គ = U = x គ.
19
If one applies a force but no torque, then the condition = 0 gives the equilibrium angle for a given deflection, i.e., ͑x͒ = 3x/2L 0 , ͑7͒ and the energy in this case reduces to U͑x͒ϵU͑x , ͒ =3Bx 2 /2L 0 3 . From this it is evident that the "free" spring constant ͑no applied torque͒, is related to the beam elasticity by k 0 =3B / L 0 3 . The relationship of this free spring constant to the force measuring spring constant for a tilted, tipped cantilever is given below.
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The equilibrium angle ͓Eq. ͑7͔͒ is only linearly proportional to the deflection for the static, no-torque case. In the case of dynamic fluctuations, this linear proportionality does not hold. For a free cantilever subject to thermal noise, the probability of tip and angle deflection is Gaussian, i.e., ဧ͑x គ͒ ϰ exp− x គ T U = x គ /2k B T, and it is a standard result of equilibrium statistical mechanics that the fluctuations are given by 20 ͗x
In particular, this gives Eq. ͑2͒ for the fluctuations in positional deflection, and for the fluctuations in angular deflection it gives
The subscript "full" emphasizes that these are the total spectrum of fluctuations.
Since by the definition Eq. ͑5͒ ͗⌬V 2 ͘ϵ␥ −2 ͗⌬ 2 ͘, this and Eq. ͑3͒ yield for the angular calibration factor
For a free cantilever, one may use Eq. ͑7͒ to relate the two sensitivity factors, i.e., 0 =2L 0 ␥ / 3, and one has
This gives the correct sensitivity factor when there is no applied torque and when the cantilever is horizontal. In contrast, one sees that Eq. ͑4͒ is missing the final two factors. The first factor accounts for the ratio of position and angle during dynamic fluctuations, and corrects the original assumption of static equilibrium. The second factor corrects for the photodiode noise measured in the first spectral peak, since the energy due to angle fluctuations is calculated for the full spectrum.
The angular power in the first mode compared to the total angular power may be obtained from the analysis of Butt and Jaschke, 10 which was confirmed by the measurements of Lévy and Maaloum. 14 The result, Eq. ͑30͒ of Ref. 10, with z * =2L 0 / 3, may be written
where the modes satisfy cos ␣ n cosh ␣ n = −1. Hence, ␣ 1 = 1.875 104, ␣ 2 = 4.694 091, ␣ 3 = 7.854 757, and ␣ n = ͑n − /2͒ −2͑−1͒ n e −͑n−/2͒ , n Ն 4. Using Eq. ͑9͒, the ratio of the root mean square fluctuations in the fundamental mode to the total is therefore
Hence, the angular sensitivity is
and the position sensitivity of the free, horizontal cantilever is
These results for the first mode can be readily altered to suit any particular mode that the voltage fluctuations are measured in. The tilt and tip length of the cantilever are important in practice as they affect both the positional sensitivity and also the effective spring constant used to obtain the force. The tilt angle to the horizontal substrate is typically 0 Ϸ −10°to −15°, and among other things, one has to correct the above analysis to account for the fact that ⌬z = ⌬x cos 0 , and similarly for the applied force.
Further, force measurements are generally performed with either an elongated tip or a colloid probe attached to the free end of the cantilever. Following Fig. 2 It is important to note that the length of the flexible part of the cantilever L 0 is less than the total length by the width of the rigid tip-base, which can significantly change the effective spring constant because the elasticity parameter enters as the cube of the free length. 17 The tilt of the cantilever plus the elongated tip mean that an applied force causes a nonzero torque on the end of the cantilever, and hence the relationship between positional sensitivity and angular sensitivity is different to that for a free cantilever when the torque is zero.
According to Eq. ͑15͒ of Ref. 16 , the calibration factor that should be used in this case is
where the angular sensitivity ␥ is unaltered from that measured from the thermal fluctuations of a free cantilever. In this equation, a ϵ L 1 cos 0 + L 2 sin 0 , and the spring constant k that must be used to convert cantilever vertical deflection to surface force F s is given by
͑17͒
Note that in the limit of a long cantilever, i.e., L 0 L 2 տ L 1 , this reduces to k = k 0 / cos 2 0 . The square arises because the tilt projects the deflection, ⌬x = ⌬z / cos 0 , and also the vertical surface force, F x = F s / cos 0 . For the case of a 15°tilt, this increases the spring constant by about 7%. The calibration factor in this limit becomes = ͑2L 0 ␥ /3͒cos 0 = 0 cos 0 , which differs from the horizontal free cantilever by about 3%.
For the tilted cantilever, it is very important to have available individually the position sensitivity and the force measuring spring constant k. The former is used to determine the separation, i.e., h = ⌬z − ⌬ piezo − const= ⌬V − ⌬ piezo − const. Here the constant determines the zero of separation; for hard surfaces it brings the constant compliance region to zero, whereas other methods have to be used for soft surfaces. 5, 6, 22, 23 The surface force that one is actually trying to measure is given by ⌬F s = k⌬z = k⌬V.
It remains to include the effect of friction due to the probe sliding along the substrate during the constant compliance motion. 16, 17 Assuming that friction is linearly proportional to load, i.e., F y = ±F z , where the upper sign is loading ͑extend͒, and the lower sign is unloading ͑retract͒. According to Eq. ͑19͒ of Ref. 16 , the calibration factor that should be used in this case is
where b ϵ L 1 sin 0 − L 2 cos 0 , and where the spring constant k that must be used to convert cantilever vertical deflection to surface force is given by
͑19͒
In the case of friction, it is worth pointing out that the difference in constant compliance slopes for hard surfaces has been successfully used to measure the friction force and the friction coefficient. 17 That method requires the angular deflection sensitivity ␥, which also has to be deduced from the slopes. Hence, the present result that obtains ␥ from the thermal fluctuations of the free cantilever ͓Eq. ͑15͔͒ is a powerful adjunct to the axial friction method as it removes one of the fitting parameters required by that method. 17 Tables I and II compare the deflection sensitivities determined by the constant compliance method, 15 the positional deflection fluctuation method, 15 and the present angular deflection fluctuation method. In the case of the free cantilever, the thermal angular method is already in relatively good agreement with the constant compliance benchmark. Taking into account the tilt of the cantilever clearly makes the method quantitative. ͓Note that L 0 has been taken as the full length of the cantilever for 0 ͑i.e., L 1 =0͒, and as the free length for and ⌬ ͑i.e., L 1 =8 m͒.͔ The remaining discrepancy between the present method and the conventional method is of the same order as the difference in the extend and retract constant compliance slopes that would be expected from friction. The error in the spring constant and in the manufacturer's specifications of the cantilever dimensions is about 10%. 15 For the shorter cantilevers, the thermal method underestimates the spring constant 15 ͑see below͒, and this is most likely the reason the discrepancy between the present method and the conventional method increases with decreasing cantilever length.
The present angular method performs noticeably better than the original positional fluctuation method of Higgins et al. 15 The data in Tables I and II show that the positional method overestimates the sensitivity by 15% −30%. Higgins et al. 15 suggest that the discrepancy could be due to the difference in the mode of vibration between a free cantilever and a supported cantilever with the tip in contact with the substrate ͑although, of course, supported thermal fluctuations do not occur in the method͒. Intending to use data for the free and contact fluctuations, 10 and citing Walters et al., 11 Higgins et al. 15 suggest a "correction factor" for the sensitivity; i.e., conv = HPS / 1.09= 0.92 HPS . However, according to line 1 of Table I of Ref. 10, this factor should in fact be 0.47. Walters et al. 11 inadvertently took the ratio of columns 4 and 5, which are for position deflection and angular deflection, respectively, whereas it is columns 5 and 6 that are for supported and free angular deflection, respectively. The ratio of 0.47 for free and supported vibrations, which Higgins et al. 15 argued their results required, causes the measured sensitivities to be underestimated by about a factor of 2.
The present analysis also provides a useful spring calibration technique. Previously, Lévy and Maaloum determined the spring constant from the angular fluctuations in the first and second modes, and an accurate measurement of the slope of the constant compliance region.
14 This approach can be improved by the present analysis, which takes into account the tilt of the cantilever, the torque due to the elongated tip, and the friction due to sliding on the substrate. Hence, if the sensitivity is measured with the conventional constant compliance method, i.e., cc ± ͑using hard surfaces, with the plus sign referring to the loading slope͒, then Eq. ͑18͒ may be rearranged as
where ␥ ϵ k 0 1/2 ␥ and k ϵ k / k 0 are the k 0 -independent parts of Eqs. ͑14͒ and ͑19͒, respectively. Table III shows the spring constant obtained with this formula, = 0, and the measured voltage fluctuation and constant compliance data. 15 Despite the very different sensitivities in air and in water ͑compare data in Table I with those in  Table II͒ , there is very good agreement for the spring constant for each cantilever obtained from the two independent measurements. In fact the internal agreement of the present 15 as is confirmed by the results in Table III . The present calibration method based upon measured thermal fluctuations in cantilever angle is quantitatively accurate. It represents a convenient, reliable, noninvasive calibration technique that complements the conventional constant compliance method, and that can be used to check that method. It can replace the conventional method when the latter cannot be used. These include the cases of soft surfaces or colloid probes, cases when direct contact is undesirable or unrepeatable, cases when friction creates uncertainty in the constant compliance slopes, and cases when the angular sensitivity itself is required, such as for an axial friction measurement. 17 In addition, the present analysis can be used to obtain the spring constant of the cantilever by combining the sensitivity measured from the angular fluctuations with the slope of the constant compliance region measured against a hard surface. 
